Introduction
[2] Seismic wave traveltime tomography has been very successful at imaging lateral variations from an initial layered Earth model, mostly for P and S waves velocities [e.g., Romanowicz, 2003 ]; however, its success is limited by the requirement that the scale length of the heterogeneity must be much larger than the wavelength of the relevant seismic waves. In global mantle models, this leads to resolution of no better than hundreds of kilometers, even in the best sampled regions. To examine smaller-scale heterogeneities in the Earth it is necessary to use scattered seismic energy, as found for example in the extended codas of seismic waves. Since the early work of Aki [1969] , several authors have devoted their work to the characterization of coda, primarily to deduce the properties of crustal heterogeneities located near a seismograph station [e.g., Aki, 1973; Berteussen et al., 1975; Bannister et al., 1990; Revenaugh, 1995; Nishigami, 1997; Snieder et al., 2002] . A smaller number of studies have been focused on the characterization of coda created in the deep interior of the Earth, and these include studies of ScS and SKS coda [Lee et al., 2003; Rondenay and Fischer, 2003] , PKP coda [Hedlin and Shearer, 2002; Vidale and Earle, 2005; Zhang et al., 2005] , P diff coda [Earle and Shearer, 2001] , and PKiKP coda Koper et al., 2004; Poupinet and Kennett, 2004] .
[3] Many coda studies have relied on arrays of seismometers; indeed, the use of seismic arrays has proven to be crucial in the determination of the location of fine-scale heterogeneities well below the resolution level of global seismology [Rost and Thomas, 2002] . Key advantages to using arrays include the improvement made in the signal-tonoise ratio and the determination of the direction in which the waves arrive at the stations. These features were successfully exploited in the interpretation of PKP pre-cursors as P waves scattered at the core-mantle boundary [Cleary and Haddon, 1972; Haddon and Cleary, 1974; Battaille and Flatté, 1988] , the definition of peculiar scattering regions in the lower mantle [Kaneshima and Helffrich, 1998; Rondenay and Fischer, 2003; Braña and Helffrich, 2004] , and the search for the root of the Hawaiian plume near the core-mantle boundary (CMB) in the early work of Kanasewich et al. [1973] (for a review, see Weber et al. [1996] ). Other examples include the work of Doornbos and Vlaar [1973] that used data from NORSAR in their interpretation of PKP precursors, and King et al. [1974] , who used Warramunga seismic array (WRA) data to emphasize the idea that useful observations of precursors can best be made using seismic arrays.
[4] Arrays have also been important in detecting the subtle coda waves of precritical reflections (PKiKP) from the inner core boundary (ICB) [e.g., Koper et al., 2004] . The observations are characterized by high frequency, low slowness energy that lasts for up to 200 s after the direct arrival. For distances of about 50°-70°many of the codas are emergent and initially grow with time, resulting in a spindle-shaped envelope function. At these distances the reflection coefficient at the ICB is quite small and the parent PKiKP phase is often too small to be observed; therefore any ray having a slowness similar to that of PKiKP (such as the ones generated after scattering on the source side) will tend to have a small amplitude, thus limiting the possibility of being observed after traveling long distances. This has been taken to imply that the coda waves are created by heterogeneity deep within the Earth, and two basic models have been proposed for that heterogeneity: complexity at the inner core boundary or ICBS [Poupinet and Kennett, 2004] , and heterogeneities inside the inner core, or ICS Koper et al., 2004] . Poupinet and Kennett [2004] suggested that a reverberative process as responsible for ICBS, while proposed that volumetric heterogeneities inside the inner core would produce ICS. Both could be caused by variations in the orientation of anisotropy, or the presence of pockets of partial melt, perhaps due to softening that occurs at high homologous temperatures (just below the melting point) or the presence of impurities that modify the melting point.
[5] However, there is still a debate on the origin of the PKiKP coda waves, in particular whether the lower mantle, the core-mantle boundary (both in source and receiver side), the inner core boundary, or the inner core can produce the characteristics in the PKiKP coda. In general, the coda of any seismic wave is formed by the combined scattering that occurs throughout its entire path. The observed PKiKP coda waves arrive almost vertically Koper et al., 2004] , so the contribution of scattering in the crust and upper mantle from the receiver side should be very small. Indeed, if most of the energy comes from scattering in the receiver side at the crust and upper mantle, the anomalies in slowness will be too large at the appropriate time lags ($100 s) and should produce large anomalies in back azimuth, which are not observed in the data. Furthermore, if the observed PKiKP coda is the product of near-receiver scattering with steep angles (from multiple reverberations in the crust), the shape of the coda for the other phases with similar slownesses (PcP and ScP) should present the same decay rate as does the PKiKP, but this also is not seen in the data [Koper et al., 2004] . The same argument can be used to eliminate the possibility of the coda being generated by reverberations on the source side. The most plausible place to generate PKiKP coda, outside of the inner core, is the lowermost mantle. In this region, there have been clear observations of small-scale heterogeneities that produce precursors to PKP + PKKP phases. One particularly interesting aspect of this type of scattering is that PKP precursor energy grows with time [Hedlin et al., 1997; Shearer et al., 1998; Hedlin and Shearer, 2002] in the same way that PKiKP codas increase at the distance range between 50°and 70° Koper et al., 2004] .
[6] In the present work, we construct synthetic envelopes of PKiKP coda waves in order to quantify and compare the effects of the various types of scattering. We consider six potential sources for precritical PKiKP coda waves: (1) volumetric heterogeneity in the lowermost mantle, source side, (2) volumetric heterogeneity in the lowermost mantle, receiver side, (3) topography on the CMB, source side, (4) topography on the CMB, receiver side, (5) topography on the ICB, and (6) volumetric heterogeneity within the inner core; however, we discard the receiver side ((2) and (4)) as a possible source of the scattering seen in PKiKP coda due to the large anomalies in slowness (see section 2.4.2). Mainly, we propagate plane waves from the source to the deep Earth, let them interact with the heterogeneous region (through the use of an ''equivalent'' reflection coefficient), and then propagate them back to the surface. Because of the many trade-offs relating to the absolute amplitude of the coda waves, we focus mainly on the shape and decay rate of the synthetic codas to discriminate among the four hypothetical types of scattering.
Synthesis of PKiKP Coda Envelopes

Preliminary Considerations
[7] Throughout this paper we focus on the effect of single scattering, i.e., a seismic wave interacts with one and only one heterogeneity before reaching the receiver. This assumption is valid in cases of topographical scattering with low amplitude-to-wavelength ratio topography [Doornbos, 1988; Kampfmann and Müller, 1989] , and for volumetric scattering from heterogeneities with velocity contrast smaller than a few percent RMS [Margerin and Nolet, 2003a] . This assumption has often been made in studies of deep Earth heterogeneity, with the notable exceptions of Nolet [2003a, 2003b] , who developed a radiative transfer theory; Shearer and Earle [2005] , who developed a stochastic particle based approach; and Helmberger [1998a, 1998b] , who coupled finite difference simulations with generalized ray synthetics.
[8] In generating coda waves we consider potential point scatterers in a region (either a surface or a volume), propagate a prescattering plane wave from the source to each scatterer, and then propagate a postscattering plane wave from the scatterer to the receiver. We use seismic ray theory [Č ervený, 2001 ] to compute the traveltime, amplitude, and slowness of the plane waves for spherically symmetric Earth models. Generally, the ray parameter of the prescattering and postscattering ray segments differ, being determined by the relative location of the scattering point with respect to the source and receiver. The numerical integration (to compute travel time, geometrical spreading, and the attenuation factor) is done by sampling the spherical Earth model and considering the medium properties (P velocity, density, and Q) constant in each layer, using a thickness of 0.1 km that represents the integration step in a linear summation scheme. The change in amplitude due to the scattering is given by an ''equivalent'' reflection coefficient, obtained by considering the nature of the scattering, and is discussed in sections 2.2 and 2.3. Finally, we project the displacement of the resulting upgoing wave into the vertical, adding the surface effect.
[9] Examples of synthetic PKiKP envelopes are shown in Figure 1 for the epicentral distances of 60°(left) and 80°( right), under the assumption of isotropic surface scattering at the core-mantle boundary; in other words, assuming there is no change in amplitude during the scattering process, similar to the methodology described by Scott and Helmberger [1983] , later modified for a point source by Kampfmann and Müller [1989] , and used by Battaille and Flatté [1988] to generate PKP precursors from topography at the CMB. All values presented here (arrival time, amplitude, and slowness) are shown relative to the corresponding values of the direct PKiKP wave. Colors represent different branches of scattered waves: green for P.KP CD , red for P.KP BC , and blue for P.KP DF . Note that for epicentral distances larger than 45°, we have 2 branches for P.KP CD : a prograde branch arriving with a ray parameter higher than PKiKP, and a retrograde branch arriving with a ray parameter smaller than PKiKP. The way of combining these different branches into the final envelope depends on the way they sample the scattering region: for topography (this case), each ray samples a particular area of the surface, different from all the others, hence each contribution should be summed. This also follows from the theoretical development, as shown later.
[10] From Figure 1 we can see that in general, the amplitude of the PKiKP coda envelope depends on the background radial Earth model. For example, for the distance of 80°(right panels) we see a spike in amplitude around a lapse time of 110 s for P.KP CD . This sudden increase in amplitude is produced by rays that hit the ICB near the critical angle, resulting in a large value for the corresponding reflection coefficient. Another interesting feature are the ''sinks'' in amplitude shown for the P.KP CD branch. These rays have a very small reflection coefficient at the ICB, that even crosses 0 twice in the distance range from 74°and 90°according to PREM [Dziewonski and Anderson, 1981] . Other models for the ICB will produce a different result, as presented in Figures 1a and 1b . Here we show same computations but with the ICB model proposed by Koper and Dombrovskaya [2005] . In this case we do not have the ''sinks'' in the P.KP CD branch, resulting in an envelope with a smoother decay. Note that this effect is produced by the infinite frequency assumption present in ray theory; hence, in the actual Earth, the amplitude variation around ''sinks'' and ''peaks'' will be smoother due to the finite frequency effect.
[11] In our calculations, the amplitude at zero lapse time represents the amplitude of PKiKP computed using the Kirchhoff migration, as done in similar studies [Scott and Helmberger, 1983; Frazer and Sen, 1985; Kampfmann and Müller, 1989 ]. Later we show that this amplitude is a function of the total scattering area considered and of the characteristics of the topography (due to focusing and defocusing effects).
2.2. Scattering From Surface Topography 2.2.1. Long Wavelengths
[12] Scattering over a surface can be modeled using Kirchhoff migration [Haddon and Buchen, 1981; Scott and Helmberger, 1983; Frazer and Sen, 1985] applied to a point source [Kampfmann and Müller, 1989] . This can always be done if the surface is smooth; in other words, if the wavelengths of the topography are larger than the characteristic wavelength of the seismic wave [Battaille and Flatté, 1988] . On the basis of Huygens' principle, we consider all the possible points at the scattering surface by tracing all the possible prescattering rays starting from the source to the scattering region. Then we compute the interaction with the surface, a function of the prescattering ray parameter, the geometry of the surface, and the impedance contrast across the surface. Finally, using Green Functions, we propagate the effect of each point on the surface to the receiver. The final result is the convolution of the time derivative of the source time function (in our case, a 2 s step function) with all the point scatterer responses previously computed; this results in a summation of the contribution of each single ray.
[13] In our computations we consider the incident plane wave to be traveling in the x-z plane, with a ray parameter p in the directiont = {sin q, 0, ± cosq} T ((positive) when propagating downward and (negative) propagating upward), where sin q = pa/r, a is the P wave velocity at a radius r, and q is the incident angle, measured with respect to the vertical. From Frazer and Sen [1985] we can write the displacement (u P ) and the corresponding stress tensor (t P ) as
and
where I is the identity matrix, A represents the amplitude of the plane wave, w is the main frequency, a represents the P wave velocity, and l and m are the Lamè constants of the medium. For our purposes, we only consider P waves for the computations, hence we can drop the superscript. Throughout this paper, we use double bars to indicate tensors, single bars to indicate vectors, and hats to indicate unit vectors.
[14] Starting with equations (5) and (9a) of Frazer and Sen [1985] (for the case of P waves) and using Green's Theorem, we can represent the amplitude of the displacement in the receiver by considering the displacement and Figures 1c and 1d were computed using PREM [Dziewonski and Anderson, 1981] ), respectively). The colors represent different branches, with P.KP CD in green, P.KP BC in red, P.KP DF in blue, and the direct arrival in black. The PKiKP envelopes are computed by summing along the different branches, and are shown by the black curves in the middle rows. All values (time, ray parameter, and amplitude) are plotted with respect to those of the direct PKiKP. Figure 1 (top) shows some example of raypaths for both epicentral distances; the colors are the same as in Figures 1a -1f . Coda computations (Figures 1a -1f ) have considered back azimuth anomalies large enough to include the Fresnel zone in the CMB, source side.
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with (equation (9b) from Frazer and Sen [1985] )
where u 1 the displacement due to a P wave coming from the source toward the scattering surface (prescattering ray), and u 2 the displacement due to a P wave traveling from the scattering surface to the receiver (postscattering ray). Note that l 2 = l and m 2 = m are the properties of the medium in which u 2 starts its journey. Ignoring the time dependence, we can write u 1 = A 1t1 and u 2 = A 2t2 and substitute into the previous equations, yielding the following expression for the integrand of equation (3):
Writingt 1 PP =t 1 P Á (I À 2nn) [Frazer and Sen, 1985] and defining h i n Át i P and tt t 1 P Át 2
P
, we obtain
Substituting equations (6) and (7) into equation (5), we havê
If we define s b/a, this becomeŝ
Substituting this expression for the integrand of equation (3), we obtain
as an apparent reflection coefficient due to the presence of topography. Note that in equation (10) we have a summation over all the area, which in turn involves all the possible rays that sample that area. Hence we see that in this case, all the different branches need to be summed to generate the final envelope. In the case of small or null topography, we have
which is equivalent to equation (4) of Kampfmann and Müller [1989] .
Small Topography
[15] Another approach to this problem was given by Kennett [1972] for the one-dimensional (1-D) case and extended by Doornbos [1978] to the 2-D case, where small-amplitude topography is taken as perturbations from a planar surface. By considering continuity of displacements and stresses over the surface of the topography, we get a representation of the scattered wavefield as a distribution of sources over this surface [Battaille and Flatté, 1988; Battaille et al., 1990] . A similar approach was previously taken by Gilbert and Knopoff [1960] but limited to topography on a free surface. Following Doornbos [1978] , equation (19) for a solid-solid interface or (20) for a solid-liquid interface, we can write the displacement at the receiver as
where H G (x r , x 0 ) is a matrix composed by Green Functions for displacement and stresses, and [B(x 0 )] 1 2 = {u out , out } T is the discontinuity of the displacement stress vector between mediums 1 and 2, which are divided by the topography. This can be rewritten in a more usual form as
From equation (18) of Doornbos [1978] we can express the discontinuity in the displacement stress vector as
where F(k) is the Fourier transform (in spatial domain) of the topography, k corresponds to the 2 D wave number of the incident plane wave, L is shown in equations (17) and (21) of Doornbos [1978] and depends upon the physical properties of both mediums (i.e., the Lame constants l and m), and B 0 represents the incident displacement stress vector.
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and its corresponding stress as
where L U/D represents the upper/lower part of the matrix L. Translating t out into matrix notation, we have t out = [t outk ] + [kt out ].
[16] Next we consider the Green Functions that link the scattering surface with the receiver. Note that these functions are composed of several rays, in particular we consider the postscattering ray u 2 with the corresponding stresses t 2 (a plane wave with directiont 2 and amplitude A 2 , see equations (1) and (2)). In order to compute the amplitude, we project the displacement on the direction of propagation, in this caset 2 :
We see that the resulting amplitude is the product of the propagation of the postscattering ray from the surface to the receiver, the projection of the outgoing displacement (due to the topography) and stress into the ray that connects the scattering surface and the receiver (postscattering). Note that the prescattering ray affects the outgoing displacement and stresses through the displacement stress vector (B 0 ), as can be seen in equation (20).
[17] In the liquid-solid case, we have that B 0 = {u x0 1 , u x0 2 , u y0 1 , u y0 2 , u z0 , t zz0 } T (from equation (7) of Doornbos [1978] ). The subindex 0 represents the plane wave solution without topography; the superscript stands for evaluating the quantity in the solid (1) or in the liquid (2). For an incoming plane wave in the solid (prescattering), this displacement stress vector will be (see Figure 2 for reference):
Since we are only considering a plane wave polarized in the x-z axist 1 Á ĵ = 0. Here, we follow the notation given by
) and s i b i /a i . To compute the resulting displacement (u out ) we consider equation (17) and the upper part of the L matrix, as following
where we have used k x = w/a 1 (t 1 Áî), and that the inverse Fourier transform (in the space domain) of a multiplication by k x u 1 is Ài@u 1 /@x. Considering a plane wave, @u 1 /@x = (iw/ Figure 2 . (a) Schematic diagram of amplitudes produced by an incident plane wave with amplitude A 1 from the medium (1) (solid). ( P P) and ( P P) represent the reflection and transmission coefficient at the interface, respectively. (b) Schematic representation of the change in coordinates due to a rotation g around the z axis. Also shown is the change in angle due to the scattering (Dq) produce by a heterogeneity (hexagon). a 1 ) (t 1 Áî)u 1 then by taking the inverse Fourier transform, we get k x ! (w/a 1 )(t 1 Áî). Similarly, if we consider equation (18) and the lower part of matrix L
noting that k y ! À(w/a 1 )(t 1 Áĵ) = 0. Substituting back into equation (19), we can write
with the apparent reflection coefficient (R) given as
Again, in equation (23) we have an integral over the scattering area of all the possible rays that sample this area. Therefore, to compute the resulting envelope we need to sum all the contributions of individual rays.
Descriptions of Surface Topography
[18] Previous studies of scattering from surface topography have usually either assumed a specific autocorrelation function (ACF) to describe the nature of the topography and then computed the average response of the medium [Chernov, 1960; Aki, 1985a, 1985b; Frankel and Clayton, 1986; Battaille and Flatté, 1988; Sato and Fehler, 1998 ] or have used a thin layer of volumetric heterogeneities as a proxy for topography [Hedlin et al., 1997] . In this work, we follow the same procedure as Kampfmann and Müller [1989] and Shearer et al. [1998] , by computing particular realizations of random topography with a given ACF, and then taking an average over the ensemble of corresponding synthetic codas.
[19] Considering a sphere with radius r ref (radius of the layer in which the topography is located, in our case, the core-mantle boundary or the inner core boundary) we superimpose a topographic undulation. We considered several possibilities for the ACF of the topography, as done in previous studies [Frankel and Clayton, 1986; Kampfmann and Müller, 1989; Sato and Fehler, 1998 ]. In general, for a function f (x) with the corresponding Fourier transform F(m) in the wave number domain, the ACF can be computed as
where A is a surface (range of f (x)). The corresponding Fourier transform is known as the power spectral density function (PSDF) [Sato and Fehler, 1998 ],
where F * (m) is the complex conjugate of F(m). Using relation (26), we can obtain the Fourier coefficients for a particular power spectral density, for example,
where d(m) is the Kronecker delta function. In these expressions we have considered that a represents the correlation distance with the corresponding wave
(we assume isotropic media), and the factor s is for the normalization. We compute these normalization factors following Frankel and Clayton [1986] , who have taken into account the discretization in the space domain, leading to a maximum (Nyquist) wave number. For a discrete representation of the function f (x) the standard deviation can be computed from Gaussian
where the first two expressions are the same as equations (B4) and (B7) from Frankel and Clayton [1986] . In order to obtain a particular root-mean-square (RMS) for our model representation, we define the parameter s as
and compute s as previously shown, depending on the case. For simplicity, we assume that the scattering region is a square with side L, and the same sampling interval in x and y axis (dL), leading to
[20] As discussed by Sato and Fehler [1998] , the main difference between the Gaussian and exponential autocorrelation functions is the power at high frequencies: the second representation has more energy in the small wavelengths. Hence special attention should be given to the sampling of the heterogeneous region in order to allow the proper representation of the power spectrum beyond the characteristic wave number. We found that in general, the Nyquist wave number should be m N ! 5 m a . To have the full representation in the Fourier wave number domain, we need to define the phase spectrum, which depends upon the relative position of the source, receiver, and the scattering surface. In order to generate different surfaces with the same power spectrum, we assign random numbers for the phases and then compute a particular realization of the topography by taking the inverse Fourier Transform. We present sample realizations of CMB topography for various ACFs in Figure 3 .
[21] The outward normal to the topography at any point can be found given the angles f x = tan À1 (df/dx) and f y = tan À1 (df /dy), as follows:
where we have assumed that (df/dx) 2 % 0 and (df/dy) 2 % 0. This assumption is made in both methods involving topography used here [Frazer and Sen, 1985; Kennett, 1972] .
[22] Here we have used Cartesian coordinates to represent the topography at the reference radius r ref as departures from the usual sphere. The deformation of this surface into spherical coordinates is done in the ray tracing: by using a radial model, the computation of the prescattering or postscattering ray only requires the epicentral distance. For two points with the same value on the y axis, the difference in the x axis will lead to different epicentral distances and azimuths. Only the first affects the computations on the ray tracing, while the second is relevant in computing the change in direction, as shown later on. The sampling on the y axis is done at a fixed value and the x axis is adequately changed in order to have the same distance in both directions. We solve this issue by considering a fixed epicentral distance (same angle) from the source, then we explore all the possible azimuths and search for those ones that result in an appropriate back azimuth (considering a deviation from the theoretical value) at the receiver. Note that for the same epicentral distance but different back azimuth at the station, the second ray (from the scattering 
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[23] In the synthesis of P diff coda, Earle and Shearer [2001] considered all the possible locations of scatterers in the heterogeneous region, in contrast to our work where we define the scattering region on the basis of the back azimuth and the anomaly. This is due to the fact that we work with arrays, while previous work [Earle and Shearer, 2001 ] only considered single stations, precluding the precise determination of the back azimuth. In section 2.4.1, we discuss the methodology used to consider the back azimuth anomalies in the computation of PKiKP coda envelopes.
Volumetric Scattering
[24] Scattering over a volume can be obtained by considering the propagation of elastic waves through a random, inhomogeneous medium [Chernov, 1960; Hudson, 1964, 1967; Haddon and Cleary, 1974; Aki, 1985a, 1985b] , as done in similar studies [Battaille and Flatté, 1988; Battaille et al., 1990; Hedlin et al., 1997; Shearer et al., 1998; Hedlin and Shearer, 2002; Braña and Helffrich, 2004] . The interaction between the seismic waves and the heterogeneous medium can be modeled by an ''equivalent'' reflection coefficient that depends upon the scattering angle (change in angle of propagation due to the scattering) and the properties of the medium. Considering equation (23) from Wu and Aki [1985b] , we can express the displacement due to scattering from an inhomogeneous medium as
where G ij is the elastodynamic Green Function and Q j is the equivalent body forces due to the presence of heterogeneities in the volume V, obtained using the Born approximation [Wu and Aki, 1985b] . From the results obtained by Aki [1985a, 1985b] and taking the mean square of (33) only for the P to P component, we obtain
where m is the wave number, G(x, x) the geometrical spreading from the point over the volume x to receiver at x, R(Q) is the direction factor for the Rayleigh elastic wave scattering by a unit volume, Q is the scattering angle (given by the change in direction due to the scattering process), and N(x) the autocorrelation function of the random parameters in the medium. Note that the result presented here is an average over the whole scattering volume and not from a single heterogeneity; hence the final coda should be computed by averaging over all the rays that sample similar regions in the scattering volume. We follow the method used by Shearer et al. [1998] and model the volumetric heterogeneity as composed by spherical shells with constant radius and calculate the response for each one separately. Later, the total effect can be obtained by summing in power the response kernels.
[25] Previous studies have usually considered a Poisson solid Aki, 1985a, 1985b; Sato and Fehler, 1998 ], an assumption not valid for the inner core. If we consider equation (13) of Wu and Aki [1985a] , the direction factor for the Rayleigh elastic wave scattering by a unit volume can be written as
where we have assumed that dr, dl, and dm are totally uncorrelated but have similar statistical properties [Wu and Aki, 1985a] , r 0 is the density, l 0 and m 0 are the Lamé constants of the medium, and Q is the scattering angle.
If we consider
Substituting into equation (35):
Introducing the P wave impedance perturbation (dZ a /Z a ) and the P wave velocity perturbation (da/a 0 ) (as from Aki [1985a, 1985b] ), we obtain
Note that if C = 1 (i.e., l 0 = m 0 ) we fall into equation (20) from Wu and Aki [1985a] . In general, C = (a 0 /b 0 ) 2 À 2, which just below the inner core boundary has a value of C = 7.9, much larger than 1. In Figure 4 we present the effect of a non-Poisson solid in the direction factor for the Rayleigh elastic wave scattering by unit volume (R(Q)). In Figure 4 , red is for forward scattering and blue is for backward scattering, while dashed lines were computed considering a Poissonian solid (C = 1.0) and continuous lines for a non-Poissonian, inner core case (C = 7.9). In general, volumetric heterogeneities located at the lower mantle will mainly produce forward scattering, sensitive to the P wave velocity perturbation (da/a 0 ), while volumetric heterogeneities inside the IC will produce mainly backward scattering, sensitive to the P wave impedance perturbation (dZ a /Z a ). Also note that for the inner core rheology we obtain more side scattering.
[26] In analogy with equations (11) and (24) Aki, 1985a Aki, , 1985b as
where V represents the volume of the heterogeneous region and P(m) is the Fourier Transform (in the space domain) of the autocorrelation function N(x), that corresponds to scalar wave scattering function (see equation (11) from Wu and Aki [1985a] ). This corresponds to the power spectral density function (P(m), being m = w/a 0 the wave number), but evaluated in the exchange slowness 2m sinQ/2, due to change in direction produced by the scattering process [Wu and Aki, 1985a] . Here we have assumed that dr, dl, and dm have the same form of correlation function, as done by Wu and Aki [1985a] . Note that the apparent reflection coefficient has already considered the description of the medium (through the consideration of the ACF) and it has already been averaged over the heterogeneous medium, meaning that the final answer is an ensemble over different realizations. For this reason, when computing the result given by the scattering due to a heterogeneous medium through the use of this ''apparent'' reflection coefficient, the resulting amplitudes for the different rays should be averaged and not summed, as done in the topography case.
[27] The choice of the ACF remains open: some authors Hudson, 1964, 1967; Haddon and Cleary, 1974; Doornbos, 1976] have used a Gaussian autocorrelation function, while others Aki, 1985a, 1985b] have selected an exponential ACF. Here we consider a third choice, the delta function in power spectrum because it enables us to study the effect of a single wavelength in the description of the heterogeneities and its simplicity. For each of these cases, we have Gaussian ACF
Exponential ACF
Delta in power spectrum
here, a stands for the characteristic wavelength of the scatterers (or correlation distance for the ACF) with the corresponding wave number m a = 2p/a, and s is the RMS of the heterogeneity. In general, we have a trade-off between the volume of the heterogeneous region, the RMS perturbation in P wave impedance, P wave velocity, or both, and the scale length of the heterogeneities.
[28] As we have seen, as the time lapse from the PKiKP arrival increases, the difference in ray parameter, and in scattering angle, changes dramatically. Hence, for the delta in power spectrum we only have a response for a very defined point in time, the one that satisfies the relation m = m a /(2 sinQ/2). We can conclude that if there is a primary wavelength in the distribution of heterogeneities over a volume, the effect is not a usual coda, but a concentrated spike in time. This phenomenon has not been observed in the data, so we do not consider this particular representation in our experiments.
Other Considerations 2.4.1. Back Azimuth Anomalies
[29] Haddon and Cleary [1974] determined the location of scatterers at the CMB, even outside the sagittal plane, by studying the anomalies in the back azimuth from the theoretical value. So far, we have only considered rays in the plane that contains the great circle path, with no anomalies in the back azimuth. In general, anomalies in the value of the back azimuth will influence the shape of the coda because it increases the size of the scattering region, as shown in Figure 5 (left). In Figure 5 (right), we present PKiKP codas at 60°from heterogeneities at the core-mantle boundary (source side) assuming isotropic scattering. We can see that the effect of a larger scattering area is to produce a stronger PKiKP arrival (amplitude at 0 lapse time). The reason is that for small back azimuth anomalies (less than 5°), we are unable to cover the Fresnel zone for PKiKP at the CMB. For larger back azimuth anomalies, the PKiKP amplitude might grow a little, but the main effect is over the decaying rate of the coda in the first 50 s, that tends to flatten, while the rest of the coda has the same decaying rate as before. In our computations of topography we have used a back azimuth anomaly of 5°, which covers the whole Fresnel zone for PKiKP at the core-mantle boundary, source side.
[30] To account for this error, we assume that the propagation of the plane wave from the source to the scattering region is restricted to the x 0 -z plane, with the x axis pointing from the source to the receiver. Letting the angle Figure 4 . Amplitude of the direction factor for the Rayleigh elastic wave scattering by unit volume (R(Q)) for a Poisson solid (C = 1.0) (dashed lines) and a nonPoissonian solid, inner core case (C = 7.9) (continuous lines). Red is for forward scattering and only has a P wave velocity change; blue is back scattering and only has a P wave impedance contrast change. The values have been normalized to the corresponding maxima. between x and x 0 be g (see Figure 2) , we can write the change of coordinates, after a rotation g, as 
The differentiation in this new coordinate system is given by
Hence, if the plane wave travels in a direction different from the great circle path, the derivatives needed to compute the apparent reflection coefficient will depend on the derivatives in x and y axis. Note that if the scattering is outside the great circle path, we need to perform one change of coordinates, compute the reflection coefficient in this new coordinate system, and then project the result into the direction that links the location of the scatterer and the receiver. This last projection has been done for the above computations by considering the plane wave that connects the scattering region with the receiver (named postscattering ray).
[31] Another instance in which the change in back azimuth plays an important role is in the computation of the scattering angle (Q). As we know, the change in ray parameter due to scattering will change the direction of propagation of the plane wave, because changes in the back azimuth will force the propagation of the plane wave outside the previous x 0 -z plane into the x-z, the scattering angle will change. This can be computed by taking the dot product between two unit vectors with the changes in angle:
where Dt represents the change in slowness and ĝ the change in back azimuth. Note that
with Dq = q 2 À q 1 and sinq i = pr i /a i the change in the propagation angle, and g the change in back azimuth, as used before. Then
Source and Receiver Effects
[32] Haddon and Cleary [1974] noted that several rays may arrive at the station with a wide range of azimuth and slownesses; hence the observed trace was an ''average'' of all the phases incoming at a certain time. Seismic arrays enable us the identification of a single wave from a packet of waves arriving at the same time, by means of the beamforming process. For a specific array, this process is completely described by the array response function (ARF) [Rost and Thomas, 2002] . Haddon and Cleary [1974] included the effect of the ARF in the observations made by Doornbos and Vlaar [1973] and determined, based on the slowness content, the location of the heterogeneities at the CMB, either source or receiver side. We took into account the filtering effect produced by the ARF in our computations as follows.
[33] Following Rost and Thomas [2002] , we apply the array response function with respect to a main phase arrival. In the present study, we perform our computations with respect of the time, amplitude, and slowness of the direct PKiKP; therefore we just have to look for the relative amplitude with respect to the central peak, for a particular 2-D slowness vector. We work with the magnitude of the slowness vector, and include the back azimuth information from the theoretical values plus the deviation in case of having scattering outside the great circle path. In general, the sampling of the ARF is discrete, which will have an effect in the general shape of the envelope. An example is presented in Figure 6 for isotropic scattering at the coremantle boundary (see Figure 6 caption for details).
[34] We can see from Figure 6 that the amplitudes produced by scattering from heterogeneities at the coremantle boundary, before the application of the array response function (dashed lines) are quite similar for the source and receiver side case; but this similarity is broken after considering the ARF, falling almost 3 orders of magnitude for the receiver side case. This is due to the corresponding ray parameters: as we can see, for the source side case, the relative ray parameter ranges from À1.0 to 1.0 s/deg, while for the receiver side case it goes from 3.2 to À5.6 s/deg. Then, after the application of the ARF, the resulting coda envelope is strongly reduced. Note that this effect is independent of the type of scattering (surface or volumetric) and the particular representation of the medium. Therefore we discard the receiver side of core-mantle boundary as the possible location of the heterogeneities that produce PKiKP coda.
[35] Another important aspect that we investigated in this work was the effect of the focal mechanism on the shape of the coda. In general, the rays that compose the coda will have different ray parameters than that of the corresponding direct wave. Indeed, the longer the time after the body wave arrival, the larger the difference in ray parameter. In certain cases, this will have a large effect in the shape of the coda, and so should be accounted for when modeling specific data.
Results
[36] In the present work, we focus our attention mainly on the shape of the coda; the determination of absolute values of the amplitudes is outside the scope of this study because it involves too many trade-offs that are not resolvable with the available observations. We generate PKiKP coda envelopes from 4 regions: the lower mantle on the source side, the core-mantle boundary on the source side, the inner core boundary, and within the inner core, as discussed in sections 1 and 2. A key feature we search for is the coda that grows in time after the main phase arrival (''spindle-shaped'' coda, as and Koper et al. [2004] ), as observed in the distance range from 50°to 70°. In our computations we consider a constant frequency of 1 Hz (similar to the observations) and use a RMS topography amplitude of 300 m, appropriate for the core-mantle boundary [Doornbos, 1978; Battaille and Flatté, 1988; Shearer et al., 1998 ] and the inner core boundary [Forte and Peltier, 1991] . [Rost and Thomas, 2002] . The inserts in Figures 6 (bottom) present the raypaths of the direct PKiKP (in solid black) and examples for the scattering waves, either P.KiKP (Figures 6, left) and PKiK.P (Figure 6 , right) (in green). Note how most of the energy for the receiver side scattering is filtered out by the ARF when beam forming at the theoretical PKiKP slowness vector.
Topography on the Core-Mantle Boundary
[37] Examples of PKiKP coda produced by a single realization of topography at the core-mantle boundary, on the source side, are presented in Figure 7 (see Figure 7 caption for details). From Figure 7 , we can see that the general shape of all the resulting codas (continuous lines in Figures 7b and 7c) are very similar but show distinct undulations related to the characteristic wavelength. However, the amplitude for each particular point (representing a particular ray that samples the scattering region) shows a clear increase in dispersion when using short wavelengths (Figure 7c, top) : compare how in Figure 7b (isotropic scattering) the points form a clear line, but Figure 7c (top) shows a cloud of points. When using a large correlation lengths (such as 1500 km, shown in Figure 7c (bottom)), the corresponding amplitudes for each ray tend to form one line that clearly resembles the shape of the topography at the core-mantle boundary. This dispersion effect for short wavelengths is enhanced when using the Exponential autocorrelation function. Hence the presence of energy in large wave number produces an increase in the dispersion of the particular amplitudes for each ray. To remove the dispersion effects of a single realization and to get a representative shape of the coda, we compute several realizations for a particular model and characteristic wavelength and take the average over the whole ensemble.
[38] Using trial and error, we found that after 30 realizations we obtained a robust estimation of the average for a particular wavelength, based on the values of the standard deviation. Figure 8 presents the resulting coda considering topography on the CMB, source side, using a Delta in power spectrum to describe the undulations, with characteristic wavelength of 500 km (Figure 8 , left) and 2000 km (Figure 8, right) , the thin lines are a single realizations and the thick red lines represent the average (continuous line) plus/minus 1 standard deviation (dashed line). Note the difference between every single realization, especially when comparing different characteristic wavelengths; however, the resulting averages over the various ensembles prove to be quite similar. As mentioned earlier, the amplitude of the coda at zero time lapse is the amplitude of the direct PKiKP, that for this particular case takes into account the effect of focusing and defocusing due to the topography on the coremantle boundary. This value can vary up to 1 order of Figure 7 . Example of PKiKP coda generated due to scattering from topography at the core-mantle boundary, on the source side. We show: (a) a schematic representation of this case, including some raypaths, (b) the computations with isotropic scattering (time and amplitude are shown relative to PKiKP), and (c) the amplitude corresponding to different realizations: (left) computed using a Delta in the power spectrum, (middle) a Gaussian autocorrelation function, and (right) an Exponential ACF. The characteristic wavelengths are 50 km for the upper and 1500 km for the lower panels. All plots have the same scales in time and amplitude as Figure 6b and were computed using the ''small topography'' approximation and a RMS amplitude of the topography of 300 m. magnitude for long wavelengths (2000 km, shown in the right); a similar result was reported by Kampfmann and Müller [1989] on the study of PcP theoretical amplitudes. However, the average over the whole ensemble remains stable, showing a variation no larger than a factor of 2 for all the different models and wavelengths. We can conclude that focusing and defocusing produced by topography at the core-mantle boundary produces a large variation on PKiKP amplitudes, but after averaging over different observations, this effect is muted.
[39] We found that all the resulting average codas, for different characteristics wavelengths, are almost the same, even when we consider different wavelengths and ACFs to describe the topography. In Figure 9 we present the results for epicentral distances of 60° (Figure 9 , left) and 80° (  Figure 9 , right), for topography in the CMB, source side. Results in continuous lines were computed using the ''small topography'' approximation (section 2.2.2); while the answer using the ''long wavelengths'' (section 2.2.1) is shown in dashed line. For the ''long wavelengths'' approximation, there is no substantial variation in the resulting answer when considering different model or characteristic wavelengths. In general we found a good agreement in the results of both methods.
[40] From Figure 9 we can see that the coda produced by topography at the core-mantle boundary generally decays after a clear PKiKP arrival. For the 80°epicentral distance, we see a strong secondary arrival ($100 s after the PKiKP) due to the increase of the reflection coefficient at the inner core boundary near postcritical distances. This increase in amplitude is significant (larger than a factor of 2); however, this is unlike previous observations.
Topography on the Inner Core Boundary
[41] Figure 10 presents PKiKP coda envelopes from 30 different realizations of topography at the inner core boundary (thin lines). Here, we used Delta in power spectrum, considering a characteristic wavelength of 500 km (Figure 10 , left) and 2000 km (Figure 10, right) , to represent the medium. Thick red lines represent the average (continuous line) plus/minus 1 standard deviation (dashed line). Again, the average of several realizations is Figure 8 . PKiKP synthetic codas considering topography at the core-mantle boundary, source side, for an epicentral distance of 60°. We present 30 different realizations of topography (thin lines) using a Delta in power spectrum, with characteristic wavelengths of (left) 500 km and (right) 2000 km; while thick red lines show the average (continuous) and the plus/minus 1 standard deviation (dashed). Figure 9 . Average PKiKP synthetic codas considering topography at the core-mantle boundary, source side, for the epicentral distance of (left) 60°an (right)d 80°. The continuous line was computed using the ''small topography'' approximation (Kennett method) , while the dashed line considered the ''long wavelengths'' (Kirchhoff method). quite similar even when considering different models (Gaussian autocorrelation function, Exponential ACF, and Delta in power spectrum) and different characteristic wavelengths. The final results obtained for this case are shown in Figure 11 , for epicentral distances of 60° (Figure 11 , left) and 80° (Figure 11, right) . In this case, the result obtained using Kirchhoff method (''long wavelength'' approximation) is closer to the one from Kennett [1972 Kennett [ , 2001 (''small amplitude'' approximation). The resulting PKiKP codas are quite distinct compared to the case of CMB topography: in general the amplitude remains stable for 75 s (at 60°) or 30 s (at 80°), then strongly drops (almost 4 orders of magnitude) in a very short period of time. This drop is caused by the loss in amplitude from the P.KP CD branch to the P.KP DF branch, due to the strong attenuation inside the inner core. However, there is no gradual growth in the PKiKP coda envelope, as seen in the data. We investigated other epicentral distances from 50°to 90°with similar results.
Volumetric Scattering in the Lowermost Mantle
[42] In Figure 12 we present the resulting PKiKP coda envelopes caused by volumetric scattering in the lower mantle, near the core-mantle boundary, at epicentral distances of 60°and 80°. For the computation we used several layers with a constant thickness of 50 km, up to 350 km above the CMB (radius of 3780 km). Smaller thickness and a larger number of layers (resulting in the same total thickness) does not significantly affect the results. For the epicentral distance of 60°we obtain a normal decaying coda, that lasts up to 125 s, and then we see a strong growth. This growing behavior can also be seen in the results for 80°, in a way that resembles more a later phase arrival than a growing coda. This growing is different from the gradual, smooth growth seen in the data; especially in that its beginning is delayed with respect to the direct PKiKP arrival, being a function of the epicentral distance. Note that the duration of the secondary arrival is directly proportional to the total volume of the scattering region at the coremantle boundary; while the amplitude is a function not only of this parameter, but also of the RMS P wave velocity contrast and characteristic scale length of the heterogeneities. The dashed thick lines presents the results considering the model proposed by Koper and Dombrovskaya [2005] for the inner core boundary. The main difference is that the predicted PKiKP amplitude (amplitude at zero lapse time), Figure 10 . PKiKP synthetic codas considering topography at the inner core boundary for an epicentral distance of 60°. We present 30 different realizations of topography (thin lines) using a Delta in power spectrum, with characteristic wavelengths of (left) 500 km and (right) 2000 km; while thick red lines show the average (continuous) and the plus/minus 1 standard deviation (dashed). Figure 11 . Average PKiKP synthetic coda envelopes considering topography at the inner core boundary, for the epicentral distances of (left) 60°and (right) 80°. All values are presented relative to PKiKP.
is larger (compared to the later arrival) for the second model, especially at smaller epicentral distances.
Volumetric Scattering in the Inner Core
[43] Figure 13 presents the results of volumetric scattering inside the inner core, for epicentral distances of 60° (  Figure 13 , left) and 80° (Figure 13 , right). These were computed using layers within the inner core (each one with a thickness of 50 km adding up to 400 km below the ICB) all with an Exponential autocorrelation function, with a correlation length of 10 km. We see that the effect of the final layer is very small, meaning that our resolution is limited to this depth (radius $ 822 km), similar to the one reported by . We cannot rule out the existence of heterogeneities beyond this point, but rather, we are unable to resolve it due to the high attenuation inside the IC. In general, these codas grow for $50 s (at 60°) or $25 s (at 80°) and then smoothly decay for 50 s, much like previous observations Koper et al., 2004] . We also tested the effect of the model for the inner core boundary proposed by Koper and Dombrovskaya [2005] (shown in thick dashed lines in Figure 13 ) but found no significant difference in the resulting coda envelopes.
[44] Figure 14 presents PKiKP coda envelopes considering volumetric scattering inside the inner core for an epicentral distances of 60°. We described the medium using a Gaussian (dashed lines) and Exponential autocorrelation functions (continuous lines), while the color represents different characteristic wavelengths used. Note that inde- Figure 12 . Synthetic envelopes for PKiKP from volumetric heterogeneities located at the lower mantle, source side, for epicentral distances of (left) 60°and (right) 80°. The volumetric scattering was computed considering layers of 50 km thickness up to 350 km above the CMB; the thin lines are the contribution for each layer, while the thick line is the sum (in power). We have used an exponential autocorrelation function with a correlation length of 8 km, as proposed for this region by Shearer et al. [1998] . The dashed thick lines represent the results with the same parameters but using the ICB model proposed by Koper and Dombrovskaya [2005] . The amplitude has been normalized to the maximum, and the time is shown relative to PKiKP. Figure 13 . Synthetic envelopes for PKiKP from volumetric heterogeneities located within the inner core for epicentral distances of (left) 60°and (right) 80°. The volumetric scattering was computed considering layers of 50 km thickness down to 400 km below the inner core boundary; the thin lines are the contribution for each layer, while the thick line is the sum (in power). We have used a Exponential autocorrelation function with a correlation length of 10 km. The thick dashed lines represent the results with the same parameters but using the ICB model proposed by Koper and Dombrovskaya [2005] . The amplitude has been normalized to the maximum, and the time is shown relative to PKiKP. pendent of the model used to describe the heterogeneities (Exponential or Gaussian) for a larger correlation length, the resulting coda envelope has a larger amplitude. Additionally, if we fix the correlation length, the Gaussian ACF produces a larger amplitude than the Exponential. Recall that for volumetric scattering, there is a strong trade-off between the volume, RMS difference (in P wave velocity or P wave impedance contrast, or both) between the medium and the heterogeneities, and the characteristic wavelength; hence, considering the same volume and characteristic wavelength, the Gaussian ACF requires a smaller RMS compared to the Exponential, as reported by Shearer et al. [1998] . On the bottom panel we have only used the Exponential autocorrelation function, but 2 characteristic wavelengths, and have normalized each curve to its corresponding maximum. Note the strong effect of the characteristic length in the rise from zero lapse time: since both curves have been normalized, they both reach to 1.0, but the coda envelope with larger characteristic length (10 km) starts from 0.23 while the one with smaller characteristic length (1 km) starts from 0.45; this feature may allow the determination of the scale length of heterogeneities in the inner core form PKiKP coda envelopes. On the other hand, we do not find any effect on the growing time (50 s) and duration of the coda (100 s). The effect of different correlation lengths in the Gaussian ACF on rise, growing time, and duration of the coda was negligible.
[45] We found that the growing time of the PKiKP coda envelopes is a smooth function of the epicentral distance (Figure 15 ). Here we can see that for larger epicentral distances the growing time decreases, being only 20 s at 90°; this could lead to confusing a ''spindle''-shaped coda with a regular body wave arrival. For example, in the case of an earthquake with a long or complicated source time function, the growing part in the coda would be mixed inside the source time function (for an earthquake with magnitude Mw % 7.0, the source time function is $20 s). Note that these results agree with the observations made by : at a distance range of 58°-73°t hey found a growing time of 50 s in actual observations, while we get a mean value of 55 s. Even more, observations made by Koper et al. [2004] found a shorter growing time for slightly larger epicentral distances, as predicted here.
Conclusions
[46] In the present work we calculated synthetic PKiKP coda envelopes in the distance range of 50°-90°to determine if an initially growing coda could be created by various types of deep Earth heterogeneity. Using classical, single-scattering theory we examined the possibility of PKiKP coda wave generation from four possibilities: the lower mantle on the source side, the core-mantle boundary (bottom) Exponential ACF for volumetric heterogeneities inside the inner core, computed using different layer (50 km thick) up to 400 km below the ICB. Again, the color represents different characteristic wavelengths: 1 km in black and 10 km in gray. The amplitude has been normalized to the maximum, and the time is shown relative to PKiKP. Figure 15 . Variation of the growing time of ''spindle''-shaped PKiKP coda envelopes with respect to the epicentral distance. Here we have considered volumetric scattering inside the inner core, from the inner core boundary down to a radius of 822 km, using shells with thickness of 50 km.
on the source side, the inner core boundary, and within the inner core. From all of these, only the last was able to produce the observed gradual growing or ''spindle''-shaped coda. Topography at the ICB can generate a coda with an initial increase in amplitude, but only by considering different layers within the inner core can we have a smooth growth and decay that matches the observations. Our previous work [Leyton et al., 2005] precludes the possibility of having layering inside the inner core, each one with topography. Even more, we found that placing heterogeneities in the inner core gives a stronger side scattering compared to the lower mantle, due to the differences in rheology. Therefore our results support the presence of small-scale heterogeneities in the upper 350 km of the inner core, with scale lengths on the order of 1 to 10 km.
[47] As has been shown, volumetric scattering has a strong trade-off between the model used to describe the medium (autocorrelation function), the characteristic wavelength, total volume, and P wave impedance contrast of the scatterers, precluding the determination of unique properties of the heterogeneities inside the inner core. However, the shape of the PKiKP coda can give some insight, showing a stronger growth when considering smaller wavelengths compared to the case with only large wavelengths; hence, by studying the relative growth of the coda from the PKiKP arrival to its maximum, we could estimate the amount of energy in for the large wave numbers. The growing time and total duration of the coda depends only on the epicentral distance, and not on the wavelengths of the heterogeneities or the models used to describe them.
[48] An important limitation of this study is the assumption of single scattering; however, these techniques are valid for the hypotheses tested here: smooth, small amplitude topography [Kennett, 1972; Frazer and Sen, 1985; Doornbos, 1988] and volumetric heterogeneities with a few RMS contrast Aki, 1985a, 1985b; Margerin and Nolet, 2003a] . The next step is to explore the effect of multiple scattering with methods such as radiative transfer theory Nolet, 2003a, 2003b] , the phonon method [Shearer and Earle, 2005] , or hybrid methods combining generalized ray theory and finite differences [Wen and Helmberger, 1998b] .
[49] Finally, we have found that placing reasonable topography at the core-mantle boundary can affect the amplitude of the direct PKiKP wave up to 1 order of magnitude due to effects of focusing and defocusing, similar to the results obtained by Kampfmann and Müller [1989] for PcP. Such variation in PKiKP amplitudes has been observed previously, and taken to imply a complex inner core boundary [Koper et al., 2004; Krasnoshcenkov et al., 2005] . We believe that there is complexity in the ICB, but not all of the anomaly observed in the PKiKP amplitudes can be assigned to this phenomenon.
